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We present a theory of tropical toric varieties, and, two applications, tropical




Speyer Sturmfels [17] min-plus( max-plus)
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2 2 +trop ( ) ×trop : a, b ∈ R
a +trop b := min(a, b), a×trop b := a + b.
1 +trop 0 = 0, 1 +trop 1 = 1, 1×trop 0 = 1, 1×trop 1 = 2
R ( ∞ )
(
a ∈ R a +trop a = a)
1.2












( α = (α1, . . . , αn) x
α = xα11 · · ·x
αn
n ) 2
(x + ty)trop = min(x, 1 + y)






1.1 R2 ϕ : (ξ, η) 7→ min(ξ, η, 0) V
1 ϕ ξ, η, 0
2 

ξ ≤ η, 0
η ≤ ξ, 0




ξ < η, 0 0 < ξ, η








ϕ : (ξ, η) 7→ min(2ξ + 1, ξ + η, 2η + 1, ξ, η, 1)
V 2 2
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1.3 0 f =
∑
α aαx
α f trop : Rn → R; ξ 7→
f trop(ξ) Rn
f trop(ξ) = f trop(ξ1, . . . , ξn) := min{α.ξ :=
n∑
i=1
αiξi; aα 6= 0}
(x + y + 1)trop = min(ξ, η, 0) 0
1.4 2 f, g




Rn {α = (α1, . . . , αn) ∈ R
n; aα 6= 0}
x2 + y2 + 1 x2 + xy + y2 + 2 (ξ, η) 7→ min(2ξ, 2η, 0)
min(2ξ, 2η, 0) = min(2ξ, ξ + η, 2η, 0)

















Vtrop(f) f f trop
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1.6 (1) I = 〈f1, . . . , fs〉 f1, . . . , fs
Vtrop(I)





f1, . . . , fs
Vtrop(〈f1, . . . , fs〉) = V
trop(f1) ∩ · · · ∩V
trop(fs)
f1, . . . , fs I
[1, Theorem 2.9]
1.7 ( ) I = 〈x+y, x−y〉 = 〈1〉 =
C[x±, y±] Vtrop(I) = ∅ x + y x− y
Vtrop(x + y) ∩Vtrop(x− y) = Vtrop(x + y) = Vtrop(x− y)












( v : K× → R;
∑
i ait
i 7→ min{i; ai 6= 0})
vr : (K×)r → Rr; (x1, . . . , xr) 7→ (v(x1), . . . , v(xr))
2.1 (K×)r V ⊂ (K×)r V V trop
V K V (K) vr vr(V (K)) “
” Rr
2.2 V = {(x, y) ∈ K×; x+y +1 = 0} 1.1
x, y ∈ K× x + y + 1 = 0 x, y, 1 v(x), v(y), v(1) = 0
2 3 V trop ⊂ Vtrop(x + y + 1)
V trop ⊃ Vtrop(x + y + 1) V trop = Vtrop(x + y + 1)
V trop = Vtrop(I) ( [9, Proposition 1.4])
3
r
Rr K× “ ”
K× K
K R := R ∪ {∞}
v : K → R := R ∪ {∞}
∞ a < ∞ a +∞ = ∞ (∀a ∈ R)
exp : R → R≥0 exp(a) := e
−a ( e−∞ = 0)
r M := Zr N := Hom(M, Z)











3.1 (1) NR σ U
trop
σ








σ ⊂ τ Uσ → Uτ
(3) Uσ → U
trop
σ




XtropΣ [14, Proposition 1.8]
Mc (N, Σ)






















K | | : K → R≥0; x 7→ exp(−v(x))
3.4 P
XP XP µP : XP → MR







































. |xm(p)| = e−〈vΣ(p),m〉
3.2, XtropP Mc (N, Σ)













u ∈ K[x1, x2] C
trop := V˜trop(f) NR
Ctrop e ω(e) e w
Le := {u ∈ M ; v(au) + 〈w, u〉 ≤ v(au′) + 〈w, u
′〉, ∀u′ ∈ M} ⊂ MR




4.2 Ctrop Dtrop C D
NR C
trop Dtrop e ⊂ Ctrop, e′ ⊂ Dtrop (
w)
(1) w ∈ NR
itrop(Ctrop, Dtrop; w) := ωeωe′| det(ε ε
′)|.
ε ε′ e1 e2 | det(ε ε
′)| = |NR/(Zε + Zε
′)|
(2) w ∈ P2,trop \NR w = (∞ : ∞ : 0) NR (1, 0), (0, 1)
w Ctrop e1, . . . , es w D
trop e′1, . . . , e
′
t




j) (i = 1, . . . , s; j = 1, . . . , t)
itrop(Ctrop, Dtrop; w)









(N Z ) ([8] )
C, D p p
f, g p ialg(C, D; p)




4.3 (cf. [9, Theorem 4.3]) C D Ctrop Dtrop
p ∈ Ctrop ∩Dtrop





ialg(C, D; P )
vP2 : P




itrop(Ctrop, Dtrop; p) = C.D
∞ 1
(∞ : ∞ : 0)
[9]
4.4 x2+xy+z2 = 0 C tx+z = 0 D















4.5 C : x8 + x4z4 + x2yz5 + xy2z5 + y5z3 + y8 = 0 D : g = tx2 +
yz = 0 ( 7) itrop(Ctrop, Dtrop; p) = 8
itrop(Ctrop, Dtrop; q) = 4 itrop(Ctrop, Dtrop; s) = 2 + 1 + 1 = 4 2
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